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ABSTRACT
1’

I ~’
The purpose of the investigation was td extend the existing

L’knowledge of thermal stresses in stip strut ~res by the study of

both physical and mathematical mode 1s. LThe p ~sical f loating model

was a 10-ft welded box beam simulating the main hull girder of a

transverse ly framed cargo ship. Itwas subje dd to various temper-

/

ature environments above water, and thermal stresses were meas-

ured with foil strain gages. The results of th be tests showed ex-

ce llent agreement at sections remote from the dds of the model with

a strength–of-materials approach modified to include any arbitrary

transverse temperature distribution. Attempts to mess ure the effect
!1

of longitudinal temperature gradients were unsu~cce ssf ul because of

}

the difficulty of temperature control and the ne $ for more extensive

temperature and strain mapping thanthat which could be undertaken.

A finite-difference solution to the go +rning equations of

thermo-e lasticity was developed for two-di m~nsional plates and

extended to a folded-plate type of box girdq r~ The solution was

conducted on the IBM 704 and 7090 compute rd, and the computer

program with slight modification is considere d suitable for use in

ship-de sign off ices. Solutions were obtained W! a variety of thermal

~’

conditions with temperatures varying vertical ~, transversely, and

longitudinally. Accurate comparisons were m !le with both the ex-

perimental and the strength-of –materials res ultk.
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INTRODUCTION

The project described in this report was a
direct outgrowth of studies conducted on the
SS Boulder Victor# in 1958. These studies,
in turn, were prompted by measurements made
on the Esso Ashville in 19!55 and reported by
N. H. Jaspe# which indicated the Presence
of deck stress increments of as much as
10, 900 psi attributed to the diurnal transit
of the sun. The SS Boulder Victory te Sts were
sponsored jointly by the Society of Naval
Architects and Marine Engineers and the
United States Maritime Administration. The
main objective of this program was to provide
a limited but reliable number of temperature and
corresponding stress distributions over a com-
plete transverse section of a ship under meas-
urable and partially controlled conditions. To
this end, the United States Maritime Adminis-
tration made available the SS Boulder Victory
from the reserve fleet. The SS Boulder Victory
was moved to the United States Maritime Ad-
ministration shipyard at Richmond, California,
where a complete transverse section was in-
strumented for strain and temperature mess ure -
ments. The results of several series of tests
showed very good agreement between the
measured stresses and the stresses computed
from temperature measurements by the method
used by Jasperz. The se results were the first
complete set of full-scale measurements which
could be used for comparison with theory.
However, these tests were designed to meas-
ure mainly the stresses around one complete
transverse section of the ship, and were thus
limited in scope. The SS Boulder Victory tests
showed surprising ly good agreement between
measured values of stress and values calcu-
lated by modified beam theory for the one
section studied. Guided by these re suits it
was felt that a more complete stress-
temperature picture of the hull girder was de-
sirable in order to provide information needed
for a more rational approach to ship design to
account for thermal stresses. Consequently
the study reported herein was undertaken
through the sponsorship of the Ship Structure
Committee.

The purpose of the project was to extend
the existing knowledge of thermal stresses in
ships by means of experimental measurements
on a structural mode 1 simulating the hull girder
of a transversely framed cargo ves se 1 and by
means of theoretical calculations which would

accurate treatment of hull geometry and tem-
perature distribution. To carry out this pur-

pose a model facility was cleveloped for in-
ducing thermal gradients on a 10-ft floating
structural mode 1 and for measuring the corre-
sponding thermal stresses. Concurrent ly, a
theoretical approach based on elasticity theory
was developed and applied to a box girder
having length, width, and depth ratios compar-
able to those of the structural model. Solution
of the resulting field equations was accom-
plished by the development of a computer pro-
gram.

EXPERIMENTAL

General. The main purpose of the experi-
mental phase of this work was to obtain re liable
information on the distribution of thermal
stresses in a ship-type structure against
which analytical predictions may be compared.
A second purpose of the experimental phase
was to provide recommendations which may aid
in future experimental investigations of thermal
stresses in ship-type structures.

To carry out the akove objectives, an
experimental facil.it y was built which consists
of an instrumented model, a water tank for
SUpport, a heating system for producing thermal
gradients, and the necessary instrumentation.
The water tank serves two functions. First, it
provides realistic support for the ship mode 1,
and second, it provides an adequate heat sink
which is necessary in order to maintain the
required thermal gradients in the model. The
heating system consists of a C1Osed circuit
forced-air convection system, with the heat
input supplied by steam coi 1S and auxiliary
electric heating elements. The air flow was
ducted to a hood over the mode ~, then distrib-
uted by baffles within the hood over the mode 1,
and thence back to the fan and heaters. The
water was maintained at a constant tempera-
ture by permitting a steady inflow of cold water
while maintaining a constant water level with
the aid of a weir. The tank and elements of
the air heating system are shown in Figures
1 and2. One half of the hood may be seen in
the background of Figure 2.

Model Desicrn. The correct simi Iitude re-
lationships between mode 1 and prototype, con-
sidered as beams, are first established. The
steady-state thermal stresses in a beam may be
represented as a function of the following form:

extend the beam-theory approach to a more

l.”
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U= f[a, T, E, G,A, I, ~,X, y, z, --] (1)

where the symbols have been defined
under nomenclature. If E, 1, and T are
selected as a basic
relationship may be
ham Pi Theorem as

set of units, the functional
written using the Bucking–

It is clear from this r~sult that if a model is
built of the same material, and with the same
geometry as the prototype, that the thermal
stresses will be equal if the temperature dis-
tributions are equal.

In two-dimensional structures it can easily
be shown that the thickness of the structure
need not be scaled in proportion to the other
dimensions. To show this, consider the well
known two-dimensional elastic stress- s’train
law

(3)

where ml = the stress in the 1-direction

GI = the total strain in the 1–direction

.S2 = the total strain in the 2-direction

v = Poisson’s ratio

and the remainder of the symbols have been
previous ly defined. If the components e~ and
ez of strain due gnly to the induced stresses
are measured then:

El=el+m Tand52=e2+a T (4)

Upon substitution, the stress-strain law now
becomes

(5)

If the subscripts m and p are used to designate
the model and prototype respectively, then

[E,/(1-x)] [e,, + v,ez, 1
crlp=m, M

IE#(l-@] [el M + ‘Me2M)

If the mode 1 and the prototype are of
material, then

(6)

the same

= ~,, [ elp + ve2plm1P
.el M -Fve2M]

(7)

The strain distributions in the model and the
prototype are similar if the temperature distri-
butions are similar. Under the se conditions,
then, the stress distributions will be similar.
This result is independent of thickness, and if
the same temperature excitation is applied
to the prototype and the model, the stresses
will bs equal.

An experimental model may be used either to
predict prototype behavior through accurate
scaling, to verify a theory through the check
with experimental results, or to aid in the
development of analytical and experimental
methods. The present model was designed with
all three of these purposes in mind, and there-
fore incorporated a number of compromises.
Clearly, exact scaling was out of the question.
Neverthele SS, it was fe lT that the basic
characteristics of the primary structure of the
model could be simulated with a relatively
simple structural model. It was intended that
structural simi kit y with the prototype would
be maintained close enough so that any valid
comparison between proposed design theory
and model results would also carry over to the
prototype structure ‘co an acceptable degree.

The mode 1 used in this investigation was
designed to the following requirements:

1. The basic geometry of the midship section
should be as simple as possible, consistent
with the requirements of the mode I laws and
fabrication techniques.

2. The model should be large enough to permit
access to the interior to provide instrumenta–
tion, inspection and repair or modification as
required.

3. The model cost must be kept to within
reasonable budget limitations.

4. PNvisions should be made in the design
to permit future modifications without having
to build a new mode 1.

It was decided to omit certain geometrical
features such as ‘tween-decks, hatch openings,
double bottoms, variations in plate thickness,
turn-of-the-bilge, and tapered end sections.
While it can be argued that all these features
are in the actual ship, and hence required for
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“FIG. 1. VfEW OF MODEL TANK.
j.,“NF.7B ~LLfN.Hi

S,nc[o 1.

7k. — FIG. 3. NIIDSHW

SECTION.

L- —,5-. .2

FIG . 5. MODEL BEFORE WELDING.

geometrical similarity, the se are not features
whose presence wi 11 make important contri-
butions to the experimental results desired.
Their presence would, on the other hand,
create difficult and expensive fabrication
problems.

The midship section of the model is shown
in Fig. 3. The model has a beam of 30 in. and
a depth of 20 in. and a length of 10 ft, Fig. 4.
The beam-depth ratio of I .5 is somewhat below
the current typical values of 1.8 to Z. 1. This
was done to permit a 7-0 inch depth, - the
minimum considered usable from an access

1==-d “0” ““-l
I L5Amsmlord /= BULKHEAD

1111111 “!l [1111111!!
I I I I I I I I I

7
1111111 .1111 !1111111 “:
111111111111111111 I
1111111 ! 1111111111 II

I 1
I

PLAN SHELL PLATE 10 GAUGL

/
I I I I I I Ill I I I 1 I 1 I I I ~
1-1 [111111111

W,L,
1111111 ~ ~L,

II 1
I I I I I II I I I I I 1 I I I I I I

PROFILE
m

FIG. 6. MO13ELZY?TERWELDING.

standpoint, - to be obtained from a single
sheet of steel 6 ft in width. To minimize the
amount of welding that had to be done, the
bottom and both sides were formed from a
single sheet of lo–gauge steel. The AISI C1015
hot-rolled sheet, which was pickled and
oiled prior to fabrication, was carefully se–
lected to be free of any mechanical defects.
The only welding was that required for the
attachment of the frames and the end f Ianges.
The frames were fabricated from 1Z-gauge
steel, and then welded to the hull and deck
plating. The mode 1 is shown in Fig. 5 before
the frames were welded in place. Figure 6

_+u J+
? ~

FIG. 4.
—>

nl EXPERIMENTAL
MODEL.
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FIG. 7. CROSS SECTION OF THERMOCOUPLE
INSTALLATION .

< @—f-j SWITCHES 5110WN IN POSITION

TO READ (THERMOCOUPLE 9.9.8

FIG. 9. SCHE MA’ITC DIAGRAM OF THERMO-
COUPLE SWITCHING NETWORK.

- STRAIN GAGF RAI ANtlNG

FIG. 8. SURFACE vIEW OF THERMOCOUPLE
HVSTALLATION .

FIG. 10. INSTRUhTENTATION CONTROL PANEL.

shows the mode 1 after the frames had been
welded in place. Following completion of all
welding, the model was stress reLieved at
1150 F for one hour, and then sand blasted to
a bright metal condition.

Instrumentation. To carry out the objec–
tives of this study, it was necessary to make
both temperature and strain measurements on
the model. Since the temperature measure-
ments were also involved in the measurement
of strain, they will be discussed first.

Temperature Measurements

The temperatures at the various locations
were mess ured by use of copper- constanlan
thermocouples with specially selected “hi-
accuracy” thermocouple wire. The thermo-
couples themselves were made by twisting the
two wires together, to form a junction, and

then soldering the junction. As shown in Fig.
7, the holes into which the thermocouples

were peened wer= drilled at an angle of 450 to
the plane of the Zlating. This technique was
used to permit accurate depth contro 1, and
also to simplify the peening operation. In
every case the thermocouples were installed
from the inside of the model. This was done
to prevent difficulties which would be en-
countered if the thermocouples were located in
the presence of water.

The thermocouple wires were led from the
mode 1 to a swit thing network, and thence to
the indica~ors and recorders . The temperature
measuring instruments themselves consisted of
a temperature intiicator with digital readout,
and a 16-ch.3mE 1 temperature recorder. The
digital output was tonne cted directly to the
linear slide wire on the temperature indicator.
Since the copper- constantan thermal E. M. F.
curve is a nonlinear function of temperature,
the digital output is in a nonlinear form. The
overall accuracy of the temperature measure-
ments was within ~ 1/2 F.
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FIG . 11. TYPICAL STRAIN GAGE INSTALLATION.

.
INNER S(D[

!.

TRAN5VER5E
STRAIN GAGE

I I
\

o,

I
aJ

FIG. 12. SCHEMATIC DIAGFLAM OF STRAIN
GAGE WIRING .

FIG. 13. SCHEMATIC DJ24GRAM OF STRAIN
GAGE SWITCHING AND BALANCING NETWORK.

A picture of a sample thermocouple instal-
lation is shown in Figs. 7, 8. The schematic
wiring diagram for the thermocouple switching
network is given in Fig. 9, and the tempera-
ture mess uring instruments are shown in Fig.
10.

Strain Measurements

In the presence of temperature gradients,
the accurate measurement of strain in small
structures becomes quite difficult since e le c-
tric strain gages are, in general, highly sensi–
tive to temperature changes. Only by very
carefu 1 design and installation can acceptable
strain measurements be made in the presence
of changing temperature. In large structures,
where the typical dimensions of the structure
are many orders of magnitude larger than the
typical dimension of the strain gage, the ther-
mal compensation of the strain gage may be
carried out by use of “dummy” compensating
gages. These gages are subjected to the
,Same temperature environment as the “active”
gages, but are not subjected to mechanical
strain. By properly connecting these gages
in the bridge circuit, it is possible to obtain
thermal compensation with re Iative ease. T.his
is the method used by Meriaml in the measure-
me rrts on the SS Boulder Victory. However,
in the case of small structures, the use of the
“dummy” compensating gage is, in general,
not feasible, since it is difficult to insure
that the “dumm y“ compensating gage wi 11 be
subjected to the same thermal environment as
the active gage. When the use of the “dummy”
compensating gages is not feasible, the al-
ternative approach is to obtain the strain–gage
characteristics as a function of temperature,
and apply a suitable correction to the strain-
gage readings. This, of course, implies that
the temperature must be measured at each
strain–gage location when the strain gage is
read. Since the tempera~ure distribution must
be obtained anyway, this is not a serious
obstacle. The calibration of the strain gages
with respect to the temperature strain, or “ap-
parent strain” as it is usually called, and the
gage-factor calibration are discussed in Ap-
pendix G.

A closeup view of a typical gage installa–
tion is shown in Fig. 11. Inspection of this
photograph clearly shows the construction
of th~ foil gage and also the wiring connected
thereto. Each half of the gage has three wires
attach~d to it which compensates for the tem-
perature sensitivity of the copper lead wire.
This technique of compensation is known as
the “three-wire” compensation circuit. It
consists of arranging lead wire so that equal
amounts of wire exposed to temperature vari-
ations appear in adjacent ams of the meas-
uring bridge. Figures 12 and 13 together show
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FIG. 14. GAGE LAYOUT, TRANSVERSE SECTION .

FUG. 15. VEW OF TRANSVERSE TEST SECTION.

*
a CIRCUITS

THci.wwu,’+1[,~
STRU.G,W

WTC, IHNG
EAUNCING

NF3WORK

16- POINT
TIMPCRATURI

UECOROER
5TRL[N GAGE

SWITCHING

TEMPERATURE

,. DUXTOR

STRAIN

INDICATOR

0.%,

PRINTER

FIG. 16. BLOCK
DIAGRAM OF
INSTRUMENTATION .

the s thematic wiring diagram for the strain
gages ,

To compute the longitudinal stress in the
model, it is clezr from Eq. 5 that both longi-
tudinal and transverse strains must be meas–
ured. Further, it is absolutely necessary to
make the strain measurements so that the ef -
fe cl of local plate bending is eliminated from
the strain measurements. By making measure-
ments on both sides of the plate, the effects
of local bending can be eliminated either by
computation or directly by the electrical cir-
cuitry. On this ,node 1, the cance nation was
carried out by ek ctrical means.

A common “dummy” gage in the bridge cir–
cuit was maintained at a constant temperature
by means of a controlled bath. The switching
network which was used was conveked from
exis’cing equipment used in a prior investiga-
tional In addition, a balance network was
designed and installed to permit rapid arid easy
balancing of all strain–gage circuits. The
strain readings were made with an automatic
servo-balanced lfheatsone bridge. This instrw
ment was also provided with a digital read–out
device.

The location of the strain gages on the main
transverse test section is shown in Fig. 14,
and a photograph of the test section may be
seen in Fig. 15.

Data Acquisition

Both the temperature and the strain readings
were recorded in digital form by use of a semi-
automatic recorder. The data were printed on
a paper tape on command of the operator of the
switching pane ~. The data printer may be seen
in Fig. 10. A block diagram of the entire in-
strumentation system is shown in Fig. 16.

Experimental Procedure. To obtain a set of
experimental data from the mode 1 for given
thermal loading conditions, the following
steps were exe cuted:

a. After the model and water had reached
thermal equilibrium, all strain–gage circuits
were balanced, and initial readings of strain
and temperature were taken.

b. The heating system was activated and a
steady– state temperature distribution was pro-
duced.

c. A final set of temperature and strain read-
ings were then taken.
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.—-—. TEMPERATURECHANGE

— BEAMTHEORYsTRESS
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FIG. 17. LONGITUDINAL STRESS ACROSS
TRANSVERSE MIDSHIP SECTION SYMMETRICAL
TE MPERATU~ DISTRIBUTION.

Thls entire sequence took from three to five
hours depending on room temPerat Ure, avail-
able steam suPply, and the desired tempera-
ture distribution.

Data Reduction. The first step in the data
reduction was to process the digital data on
the output tape. The temperature readings
were converted to actual temperatures via the
calibration curve shown in Appendix C. Next
the strain readings were corrected according
to

e=e R-eA (8)

where e = actual strain

eR = strain reading

eA = apparent strain

The apparent strain was determined from the
apparent strain curve for the gage in question
and the temperature just obtained. This pro–
cedure was carried out for initial readings at
ambient temperature and also for the final
readings taken at some elevated temperature.
The difference between final and initial
corrected readings yields the temperature
change and the change in strain caused by the
induced stress. The changes in strain are
substituted into the appropriate stress strain
law, Eq. 5.

CTx= * [ex + veyl

Uy = *[ey l-vex]

(5)

20W lmo

F—L—-”-”-Y 50
—.—. —.

FIG. 18. LONGITUDINAL STRESS ACROSS
TRANSVERSE MIDSHIP SECTION ASYMMETRICAL
TEMPERATURE DISTRIB WTION .

to obtain the longitudinal and transverse ther-
mal stresses respectively.

Next the resultant forces and moments act-
ing on the section caused by the induced
stresses were computed as an overall check
on the experimental results. Ideally, the re–
sultant force and moment should, of course, be
zero. Practically, they should be negligible,
compared with the absolute sum of forces and
moments acting on the section.

The actual data reduction calculations were
carried out on the IBM 704 digital computer at
the University of California Computer Center.
The computer program was coded by P. T.
Lyman with the aid of the IBM 704 Fortran Pro-
gramming System. 3 To carry out the data re-
duction described above for one test required
two man-days of calculation and plottinq when
done by hand methods. When the comp~ter is
employed to do the required calculations, less
than three man–hours are required to reduce one
set of data. This includes all key-punching
and plotting of results. The computer did its
share of the work in just under one minute per
test run.

Results. TWO sets of experimental results
are reported here to show the comparison be-
tween the stresses as calculated by the
strength–of–materials method (de scribed later)
and as determined from the experimental model.
One set of data is typical of a symmetrical
temperature distribution, Fig. 17, and the
second set is typical of an asymmetrical tem-
perature distribution, Fig. 18. The complete
set of experimental data, the calibration data,
the section properties, and tabular re suits for
these two tests are given in Appendix B.
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FIG. 19.
COORDINATES FOR
TWO-DIMENSION~
PROBLEMS.

%

FIG. 20.
COORDINATES FOR
THREE-DIMENSIONAL

z
PROBLEMS .

“-’...
‘\x

Te STS were conducted to produce and mess -
ure the effects of longitudinal temperature
gradients and transverse restraint on the model.
The re su ks were not conclusive and are not

included for the reasons presented under the
section on Discussion, Conclusions, and
Recommendations.

THEORETICAL

General. One of the major purpses of the
project was to investigate and develop, if
possible, a theoretical solution to the thermal
stresses in a hull girder, which could be used
or adapted for use in a design office. Further
it was desired to demonstrate the conditions
under which the rather simp Ie beam-theory or
stre ngth-of-materia Is so hmion provided an
adequate prediction for design purposes.

Strength-of- Materials Solution. The longi–
tudinal thermal stresses in a freely-supported
elastic beam of infinite length subjected to an
arbitrary transverse temperature distribution
invariant with the length has been shown to be
given by (9)

w, = -EaT+~ fEoTdA+ff YEfldA+
z

;~zEQTdA
Y

when applied to the beam with x as the

(9)

longi-
tudinal axis, y as the vertical axis, and z aS

the horizontal transverse axis. Figures 19 and
20 show the coordinates used to describe imth
a two-dimensional &am (of finite length) and
-the three-dimensional beam of infinite length.
Practically the beam does not need ‘co be very

long before the end effect for a finite-length
beam becomes negligible at sections removed
from the ends. For arbitrary temperature dis -
tributions not easily expres sable as a simple
function of the transverse coordinates,
(9) may be rewritten in finite difference

~ZEOJTbA
z ZZ” AA

Eq .
form as

(10)

which is the form used by Jaspe? and in the
SS Boulder Victory tests.1 As mentioned in the
previous section on experimental re suits, the
stresses calculated from Eq. (10) for the meas-
ured temperature distributions of Figs. 17 and
18 are shown by the full line in each of these
figures. Except for one small region in the
deck to the left of the center line, Fig. 17, the
agreement between beam theory and experiment

is quite good.

Theory-of-Elasticity Solution ‘co Two-
Qimensional Problem. As a first step toward
the development of a more complete solution
to the three-dimensional problem, several two–
dimensional problems were investigated to
examine the end effect for a thermally loaded
plat~ of finite dimensions and to develop a
solution technique which would be applicable
to ‘the three-dimensional problem. According-
ly the configuration of Fig. 19 was used for
these purposes.

It is we 11 known that the fie Id equation
governing the solution of a two-dimensional
thermo-elastic problem is

?p=-Ef12T (11)

and q is the airy stress function related to the
stresses by

(12)

If t and n represent coordinates tangent to
and normal to a boundary, then the boundary
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FIG . 22. NODE NUMBERING SYSTEM FOR
RECTANGULAR MESH.

will be free of normal stress provide~ that
a-yJ

P = a + k’c along the boundary ( tin = — = O)
at?

where a and k are constants. The boundary
will be free of shear stress provided that

a(p
— = O since the shear would be given by
3n

$(p-—m No loss of genera li’cy in the solution
3 rkt

results by taking a = k = O, so that the bound-
ary conditions for the rectangular plate of Fig.
19 free of boundary stress are

(13)

A number of mathematical approaches to the so-
lutionof Eq. (13) with the above boundary condi-
tions were investigated? Except for the simplest
form of temperature distribution no method was

found which provided an approach without ex-
cessive and cumbersome calculations, general-
ly unsuitable for adaptation to design proce-
dures. Consequently, attention was directed
toward a digital computer solution of Eq. (11)
written in fini’ce difference form. The IBM 704.
and later the 7090 large scale digital computers
were available to the project and were used for
this purpose.

The finite difference equivalents of Eqs.
(11) through (13) for the case of a square
finite difference mesh may be obtained from
“Bickle,y’s Formulas”, found in almost any
reference- on numerical ana~ysis. Figure 21
shows the relative node numbering system for
all of the following finite difference equations.
The finite difference equivalent to Eq. (11) is

The stresses are determined from the following
set of difference relations

(1 5a)

(15b)

In the for~going equations the mesh size has
b~~n normalized to one, so that no explicit
reference to the me sh size appears.

From a standpoint of computational efficien-
cy, it is desirable to have the equivalent of
the above equations for a rectangular finite
difference mesh. The derivation of the finite
difference equations for the rectangular mesh
shown in Fig. 22 may be carried out using
either the interpo kiting parabola technique,
or the Taylor seri~s expansion technique. Both
of these methods are well documented in the
literature: ‘g The finite difference expression
for Eq. (11) using a rectangular mesh with
length to height ratio of p is given by
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The stresses are determined with the aid of the
following corre spending equations.

(rX .+.. -(% +fP - 2%) (17a)

(17b)cry = g%, +9, - z90)/P2

TX Y=-
a2rp
~y=((D6 +0. - P, - @7)/4P (17C)

The appropriate fie Id equations must be solved,
subject to the proper koundary conditions,
which for the case of a freely supported beam
are given by Eqs. (1 3). Inspection of Fig. 21
indicates that when the finite difference equa–
tion for a node adjacent to a boundary is
being written, there is apparently an unknown
value of the stress function outside the physi-
cal boundary. This unknown value lying out-
side the boundary is commonly called an image
point, and may be determined from the re-
maining boundary condition. To insure a zero
normal derivative at the boundary, the image
point must take on the same value as the node
point for which the equation is being written.
Hence, the image point may be eliminated
explicitly from the nodal equation.

To demonstrate the effect of the mesh size
on the convergence of the finite difference
solution, a plate with a side ratio of two, as
shown in Fig. 23 was used. The plate was
subjected to the piecewise Linear temperature
distribution, shown in Fig. 23, which has no
variation in the x-direction. For this probIem,
a square finite difference mesh was employed,
and hence, Eq. (14) is the appropriate dif-
ference equation. Three mesh sizes were
considered-- “me sh 1“ required the solution
of Z1 equations, “mesh z” required the solu-
tion of 105 equations, and “mesh 3“ required
in general the solution of 465 equations. In
this particular case, there is a line of syn–
metry and a line of asymmetry, so that the
number of independent equations are 8, 32,
and 112 respectively. (It should be pointed
out that from a computational standpoint, it is
very important to take advantage of symmetry

or asymmetry whenever it exists, since, at
best, the work required to solve a system of
equations is proportional to the cube of the
number of unknowns.) A tabular comparison of
the solutions for the longitudinal stresses
(x-stresses) is shown in Table 1. As a fur-
ther comparison, the results of an Aiken type
extrapo Iationg’~ 0 are also shown in the table,
and the errors shown are in reference to these
extrapolated values. Figures 24, 25, and 26
show the plotted results of this comparison for
“mesh Z“ and “mesh 3. “ “Mesh 1 “ is not
shown since it differs from a satisfactory
solution by too large a margin.

To determine the extent of the “end effect”
in the beam, a similar problem was solved in
which the length of the beam was varied.
Figure Z7 shows the beam and the temperature
distribution used. The length of the beam,
2P a, was taken as Za, 4a, and 6a, where a is
the depth of the beam. The change of length
was made by changing from a square finite
difference mesh (p = I ) to a re ctangu Iar mesh
of p =2and~=3. The appropriate cliff ere nce
equation is (1 6).

The mesh size used corresponds to “mesh
2” of the previous example. The results of
these calculations are shown in Figs. 28, 29,
and 30. In Fig. 30 the apparent effe CI of
change of length on the shear stresses at the
end of the beam is not a real effect. It ap-
pears from the plot ‘chat the stresses tend to
decrease with increasing length; however,
this apparent effect is due to the fact that the
peak stresses actually occur between the last
two mesh points in the longer beams thus pre-
venting a determination of the peak values.
The curves shown are plotted with peak ca 1-
culated values. It would be possible to show
this by adjusting the mesh size at the ends of
the beam. However, there does not seem to
be any justification for doing so in terms of
the object of this study.

One additional two-dimensional thermal
W.reSs so htion was studied, and that is a
comparison of the finite difference solution
with the solution due to Heldenfels and
Roberts .~~ The problem is defined by Fig. 31.
The finite difference solution required the
solution of only 54 equations, since use was
made of the existing symmetry and asymmetry.
The comparisons of the two solutions are s hewn
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in Figs. 32 through 35. *

The foregoing armlyses and comparisons of
the firdte-difference computational approach
to the flat-plate thermal stress problem were
made and presented to he 1P establish the va-
lidity of the method used, before extending
the method to the three-dimensional folded-
plate mode 1 simulating a ship. The fo Hewing
general conclusions may be drawn from the
Preceding studies:

1. The study of the effect of mesh size clear–
ly indicates the relative mesh size required
for design accuracy. “Me sh 2” agreed to
within akout three percent of the final extrap-
olated answer in all cases.

2. For plates with a side ratio of two or
greater, the longitudinal normal stress at the
center section of the plate agreed to within
one percent of the infinite beam solution.
This conclusion agrees with the conclusions of
Horvay.12

3. The end effect in the plate is confined to
a square region at each end on the plate ir-
respective of the length of the plate. This
conclusion, together with the previous one,
indicates that the strength-of -materia 1s
solution may be used with confidence, in the
region where there is absence of longitudinal
temperature gradients and/or transverse re-
straints.

* This problem was set up and solved with the
aid of the IBM 7090 in approximate Iy four
hours (actual computing time was about 50
seconds. )
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Theory-of-E las’cicity So lu’zion to Three-
Dimensional Problem. To effect a three-
dimensional solution for the simulated ship
structure, using the same technique as in the
two-dimensional strip, consider the hx beam
shown in Fig. 36. This beam consists of four
plane- stress e Iements joined by appropriate
boundary conditions. In using this beam for
analysis of thermal stresses in ships, an
implicit assumption is that local bending

effects, due to general temperature distribu-
tions, are small. In other words, it is as-
sumed that the girth stresses at the corners of
the beam are negligibly small. The local bend-
ing which can arise from ternperat ure gradients
through the plating and stiffeners may be
treated with existing techniques, and incor-
porated into a general solution by means of the
superposition principle. A further assumption
which needs examination is the use of a
prismatic beam to represent a ship for the pur–
pose of thermal stress analysis. It is clear
that the majority of all ships have a hull form
which may be approximated for a considerable
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length by a prismatic section. Hence, if it
can be shown that the end effects in the beam
are small, the prismatic beam solution for the
ship will yield valid results in the region of
maximum interest, i.e. , the midship half-
length.

The boundary conditions which mu ST &
satisfied at the corners of the beam are shown
in Fig. 36. From equilibrium considerations,
it is clear that the in-plane shear stresses on
any adjacent elements must be equal in mag–
nit ude. From the assumption that the 10cal
bending effects are negligible, it follows that
the girth stress (y-stress) vanishes on the
bcundaries. To assure compatibility of the
elements, it is necessary that the longitudinal
displacements (x-displacements) k equal a-
long the common boundaries. The boundary
conditions on the ends of the beam are that the
longitudinal stresses and the in-plane shear
stresses vanish.

The boundary conditions along two typical
elements labeled (1) and (2) may be written as

(Tx Y)l = (Txy)2 (18)

(o-y), = (UY)2 = o (19)

(u), = (U)z (20)

It fo Ilows dire ct ly from the strain-displacement
equation

(21)

that compatibility y condition (Eq. z O) is equiv–
a Ie nt to

(eX)l = (eX)2 (22)

Furrher, it follows from the stress- strain
equation

o-x (r
ex=—-v —y

E E
(23)

and Eq. (1 9) that the compatibility equation is
also equivalent to

(Ux)l = (IJX)2 ( 24)

It has been shown now, that all three
stress components ( ~,, OY, TX y) are con-
tinuous functions at the boundaries of any two
adjacent elements. Since the thr~e compo-
nents of stress are derivable from the Airy

stress function, Eq. (12) via the three %econd
partial derivations, it follows that the Airy
stress function and its first two partial deri–
vations are continuous functions across the

common bo undari es.

An integration of Eq. (19) in terms of the
Airy function

along the common boundary yields

p=xf(Y)ly=o +9( Y)IY= o (25)

or

Q= XCI+C2 (26)

It is thus seen that the most general form for
the stress function along a common boundary
is a Linear function in the longitudinal co-
ordinate. The two arbitrary constants may be
determined from the values of the stress func-
tion on the free ends of the beam. Since the
addition of a general linear function to the
stress function will have no effect on the de-
rived stresses, it is useful from a computa-
tional standpoint to take the stress function
on the free boundaries at the ends of the beam
as zero, and hence, also along the common
boundaries.

To summarize, The boundary conditions
which must be satisfied in solving for the
stress function for the box girder are:

1. The stress function is taken as zero on all
free and common ~oundaries.

2. The norms1 derivatives of the stress
function on the free boundaries shall be zero.

3. The stress function and its first two
derivatives shall be continuous across the
common lmundaries.

As in the two-dimensional case, the field
equation is Eq. (11). In fact, from a mathe–
matical poinl of view, the solution of the beam
by the above technique has been reduced to a
Two-dimensional plane stress problem, even
Thoughthe beam itself is a three-dimensional
structure.

For solutions of the three-dimensional box
girder, -the mathematical model shown in Fig.
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FIG. 37. SCHEMATIC REPRESENTATION OF THE
“BAND MATRIX” REPRESENTING THE BOX BEAM
SOLUTION .

36 was used. This model, wfi’ch represents
just one-half of the total girder, is suitable
for any temperature distribution which is sym-
metric almut the midship section. (This re-
striction is one of o;~ve tie nce, not ne ces -
sity). This model is represented by 440 mesh
points, 80 of which represent boundary points;
hence, there are only 360 unknown values of”
the stress function to be determined. The
mesh size used is the same as shown in Fig.
28withp = 3. For the two-dimensional prob-
lems studied, this mesh size yielded results
which were within abut three percent of
extrapo Iated values.

To determine the stresses in the model due
to a particular temperature distribution, it was
necessary to solve the 360 finite difference
equations for each desired temperature dis–
tribution. In principle, all that is necessary is
‘co find the inverse of the coefficient matrix
for the equation. However, the determination
of the inverse of a general matrix of this size
is a rather time-consuming task,. even on
modern digital computers. In solving the two-
dimensional problems, mo ST of which involved
about 105 equations, the time on the IBM 704
for inversion was about ten minutes. Since
the work to invert a system of equations is at
best proportional to the cube of the numker of
equations, the direct inversion of 360 equa-
tions by the same technique would involve
about six and one–half hours of IBM 704 time.
Fortunately, the coefficient matrix for the
model has certain properties which permit a
substantial saving in computational time.
Figure 37 shows a schematic repre senta~on of

the finite difference equations use d for the
chosen model. The small shaded squares

rePre Sent nOnnUll sub-matrices. The unshaded
areas represent null sub–matrices.. It should
be noted that although there are some very
fast routines for solving equations which have
a structure similar to that shown in Fig. 37,
the two nonnu 11 elements in the corners of the
diagonal render them use less. The technique
used to solve these equations was to replace
the given set of 360 equations by ten equa-
tions whose coefficients are the 36 x 36 sub-
matrices. These ten equations are then so lvecl
by a Grout-type e lamination procedure. 13 This
method makes full use of the null submatrices
and requires only the inversion of ten 36 x 36
matrices. On the IBM 704 this method required
18 minutes for the reduction up to the point
where the first temperature di strilxrtion was
required. An additional 3.6 minutes was re-

quired to complete the reduction and to com-
pute the stresses for each desired tempera-
ture distribution. The computer program
yielded not only the three coordinate stresses,
but also the principal stresses and directions.
The IBM 704 time to obtain the complete solu-
tions for m different temperature distributions
for the described model was

T = 18 + 3.6 minutes

The reduction-inversion method used for this
model is almost 2300 percent faster than the
direct inversion of a general matrix of this
size.

The model described previously in Fig. 36
was used to study a wide range of temperature
distributions. Included in a systematic vari-
ation were the effe C’CSof four different trans-
verse temperature distributions superimposed
on five different waterlines and two different
longitudinal temperature distributions. One
complete set of results for one of the cases
studied is presented in Appendix A as an
example of the re suits which may be obtained
from this type of analysis. This case repre-
sents a half-depth waterline, a symmetrical
transverse temperature distribution with no
longitudinal temperature variation. The tabu-
lar data presented for this case are dire ct
copies of the output pages from the IBM 704.
A graphical representation of these results is
given in Figs. 38 through 43. Figure 38 shows
the longitudinal stress plotted at various
transverse stations along the length of the
model. Also plotted at the midship section is
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the strength-of-materials solution for a beam
with the same cross section but of infinite
length. These two solutions agree almost
exactly over the entire cross section, the——
difference at the point of maximum longitudinal
stress being about 0.20 percent.

Two striking features of these data are seen
on further inspection of the six figures. First
is the comparison of the amount of information
supplied by the elastic solution as contrasted
with the strength-of -materials solution. The
second feature, noted previous ly in the two-
dimensional problem, is that the end effect is
very localized. This fact is best seen by in-
spection of the plot of transverse stresses and
the plot of coordinate shear stresses, Figs.
39 and 40. Figures 41, 42, and 43 show the
distribution of the magnitudes of maximum
shear and minimum and maximum principal
normal stresses, respe c’cive ly.

fln example of the studies made on the effect
of change of waterline, with no longitudinal
variation in temperature, Fig. 44, shows the
midship longitudinal stress distribution. As
in the previous case presented, the strength–
of-materials solution differs from the elastic
so Iution by less than one percent.

Figure 45 is a plot of the longitudinal
stresses plotted at various transverse sections
of the beam, for an asymme’crical transverse
temperature distribution with no longit udirm 1
temperature variation. The most important
feature of this plot is that the strength-of-
materials solution does not agree with the
elastic solution as well as in the previous
cases, even though the agreement in regions of
peak stress seems to be good. In fact the re-
sults of all cases of asymmetrical temperature
distribution show this disagreement, while all
cases of symmetrical transverse temperature
distribution show a striking agreement.

To demonstrate that the disagreement of the
longitudinal stresses in the case of asym-
metrical transverse temperature distributions
is a real effect and not a defect in the solu-
tion of the problem, a special case was
solved. This case consisted of an asym–
metrical transverse temperature distribution
which when reflected upon itself and super-

imposed, yielded a symmetrical transverse
temperature distribution. The reflection and
superposition of the asymmetrical case yielded
the results of the symmetrical case exactly,

and hence the departure from the strength-of-
materials solution mu ST be correct.

Figure 46 shows the effect of water~ine
depth on the longitudinal stresses at the mid-
ship section for an asymmetrical temperature
distribution. Figure 47 is a plot of the stress
trajectories for the asymmetrical temperature
distribution used in Figs. 45 and 46.

Figure 48 shows a limited amount of infor-
mation on the effect of longitudinal tempera-
ture variations. With the exception of the
longitudinal variation in temperature between
sections 6 and 7, the temperature distribution
from sec’cions 7 to 10 is the same as shown in
Figs. 38 through 43. Curves B and C represent
the behavior of the stresses along longitudinal
sections of maximum stress corresponding to
the case of no longitudinal temperature varia-
tion. The stresses along section B rise
slightly as the temperature gradient is reached
and then rapidly vanish as the temperature
gradient vanishes. The stresses along sec-
tion C behave in a similar manner except that
they never show the slight rise before the
abrupt drop is reached in the region of the .$
temperature gradient. OrI the other hand, the
longitudinal stresses along section A, which
are normally in a region of low stresses, show
abrupt peaks at the beginning and end of the
longitudinal temperature gradient.

EFFECT OF TRANSVERSE RESTRAINT

The elastic-beam mode 1 previously con-
sidered does not account for the presence of
discrete transverse stiffening which is caused
by transverse bulkheads and deep web frames.
An insight into the nature of the effects of this
r~straint may be had by examining the case of
complete transverse restraint. It is true, of
course, that total transverse restraint can
never be achieved in any real structure, but
the case of total transverse restraint represents
an upper Lourid to the problem.

Consider a two-dimensional beam with the
x-axis as the longitudinal axis and the y-axis
as the transverse axis. AIong one end of the
beam at x = const. let

U.o

V.o

where u = the longitudinal displacement
v . the transverse displacement

(Z7)
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The strain-displacement equation
av

ey=~=o (28)
Uy

states the condition that the transverse strain
is zero everywhere along the fixed end at x =
const. Application of the stre SS- strain law in
terms of the Airy stress function yields

or

(29)

(30)

Equation 30 represents one of the two neces-
sary conditions which must be satisfied along
the fixed end, x = const. The second condi-
tion to be satisfied may be found by considera-
tion of the following strain–displacement
equation

(31)

Since the longitudinal displacement is assumed
zero everywhere along x = const. , it follows
that the derivative of the longitudinal dis-
placement with respect to the transverse co–
ordinate v must be equal to zero, therefore

av
‘Xy = G (32)

If the derivative of this last expression is
taken with respect to the transverse coordinate
y it is possible to write this expression in
terms of the Airy stress function as follows

or

which finally reduces to

(33)

conditions to be satisfied along the fixed edge
x = const. in terms of the Airy stress function.

Equations 30 and 33 were expressed in
finite-difference form and incorporated into the
computer program previously discussed. The
resulting stresses in the flat-plate model with
rigidly constrained ends appeared generally
to represent a distribution which one might
anti ci pate. However, bsginning at the extreme
ends of the line of constraint (x = const. )
there appeared a perturbation in the computed
stresses which damped out “toward the center
of the plate. Numerous checks have been
made on the correctness of the formulation,
but no improvement in the accuracy of the
solution could be established. Further ques-
tion on the adequacy of the solution was
raised by failure to check the overall equilib–
riurn of the plate by a factor of the order of 10
per cent.

Although the questions which these at-
tempted solutions have raised are still un-
answered, it does appear that the problem
resides with the added difficulty of express-
ing the boundary conditions in a region of
rapid change in s’we sses through finite-
difference relations where third rather than
firs-t derivations of the stress functions are
involved. This situation arises by virtue of
the mixed boundary conditions (same stress
and others displacement). It would appear,
then, that a much finer mesh and/or a dif-
ferent formulation of the basic computer pro-
gram are necessary. It may be, however, that
the results obtained are closer to the actual
values than supposed, but verification must
await guaranteed refinement of the solution.

This problem of a restraining line in a flat
plate should be solved satisfactorily at some
future time before any attempts are made to
handle the folded-plate girder.

EXTENSION TO CROSS STIFFENED PLATING

To modify the elastic beam solution to ac-
count for the presence of stiffened plate con–
struction, it is only necessary to introduce a
new set of stress– strain laws. The othogonal
properties of this type of construction wi 11
require the use and
elastic constants.

OX
ex=— - ~+cYT

EX EXY

determination of four

(34)
NOW Eqs. 30 and 33 represent the displacement
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Cr,
ey=— –~+uT

E , E,,

YX, = Tx Y/G.

The elastic constants introduced in the above
equations are defined by the use in these
equations. The Airy stress function is defined
in the usual manner, and substituted into the
stress-strain equations. The se stress-strain
equations are now substituted into the com-
patibi Lity equation to get

EXct7’z T (35)

It is seen that the above equation reduces to
Eq. (11) when the material constants for an
isotropic material are used. The finite-
difference expression for Eq. (35) is given as
fo I1OWS

[2P2(3&P2 +4&) +61P0 -4 [1 +4&p’]

b, +@3) - 4P2(/$P’ +/%) (% +@.) +

(36)

The use of the above equations will not
give the s’we ss distribution for discrete stif-
fening but will give usable results for aver-
aged stiffening. The major difficu it y with
application of these equations is the de’cer-
mination of the four e Iastic constants, as is
the case in any noni sotropic elastic problem.
It is most probable that model tests would be
necessary to determine appropriate elastic
constants for any given structural configura-
tion before numerical studies could be con-
ducted.

EXTENSION TO PLATING OF VARIABLE
THICKNESS

To modify the elastic beam solution to ac-
count for the presence of variable plating thick-
ness, a dimensionless reciprocal thickness H is
introduced into the equations of equilibrium.

a(cr X/H) + d(TxY/H) . ~
ax ay

1

(37)

b(-Txy/H) + b(~y/H). ~
ax ay

To satisfy these equations a stress function is
introduced as

(38)

Introduction of this stress function into the
isotropic stress- strain law and application of
‘the compatibility equation yie Id the following
equation

The finite difference expression for F,q. (39)
using a rectangular mesh with length to height
ratio of p is given by
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[6(li-P’)+ 8p’- 2P2(<I +P2<2)I (00 -

(4-.D2 &,) (g, +d-P 9(4-~,) (%+ W.)+

~t@p5 +@./ -q% -9. )
4

+(psi-pll)+

P4(V10 +%) +202~P.5 - 4P2 UDl +

p2 ~ [(T, +Tq)-l-02(T2+T4)-

2(1 +P2) TO] =0

where

(40)

SS Boulder Victory tests. ~

(3) The environmental control for the model
and the thermocouple installation proved to be
insufficient to permit the control and measure-
ment of longitudinal temperature gradients
needed to obtain corresponding stresses.
Experience showed that a very extensive
thermocouple mapping of essentially the entire
half model or mor~ would have to be provided
in order to determine enough information on the
longitudinal temperature gradients to permit
significant interpretation of stress measure-
ments. Such extensive mapping was not feasi-
ble in the pre sent test program. Furthermore,
a much more elaborate means of local tempera-
ture excitation and control would have to be

[ )~,=p’;-z~ -v(E&+&-zHo)]+

E, ’[(H,+&

g. =[2(1 +V)

Although Eq. (40) seems quite formidable at
first sight, it must be remembered that E, @ v,
o and H are all known at the outset of the prob-
lem, and hence enter only as parameters in the
set of equations to be solved. The setting up
of these equations is, of course, best handled
by a computer program.

DISCUSSION, CONCLUSIONS, AND
RECOMMENDATIONS

Experime nta 1. The experimental results
justify the following statements:

(1) The generally good agreement between
measured and computed longitudinal therms 1

stresses in the mode 1 and the reproducibility
of results indicates that the facilities and
instrumentation developed for this study were
adequate for the measurement of stress and
temperature.

(2] This good agreement indicates clearly that
the center section of the model behaves as a
beam within the strength-of-materials limita-
tions. Therefore, the strength-of-materials
solution, Eq. (9) and (10), is a valid design
prediction in the absence of transverse re-
straint and without longitudinal temperature
gradients, This conclusion verifies the simu-
lar conclusion tentatively drawn from the

provided in order to permit significant meas-
urements of longitudinal effects. One in-
consistency between calculated and experi–
mental results for a section of the deck was
due, it was felt, ‘co a slight nonuniformity in
longitudinal temperature which persisted by
virtue of a nonuniformity in heat flow.

(4) Accumulated experience with the model
test results plus strong indication from the
theoretical calculations of the loca Lized nature
of the end effects justified the decision not to
attach end sections to the mode 1.

(5) The reliable measurement of transverse
restraint effects proved to be difficult, due in
part to the uncertainty of localized tempera-
ture gradients disturbed by heat transfer to
the restraining bulkhead. ALSO it was difficult
to interpret strains in the neighborhood of the
abrupt change in geometry introduced by the
bulkhead. It appears that these changes are
more localized than were anticipated.

(6) Precise temperature compensation for the
strain gage circuits requires an accurate cali-
bration of apparent strain versus temperature
which should be measured under the condition
of the test insofar as possible rather than ob-
tained from manufacturer’s published calibra-
tion.

Theoretical. The theoretical calculations
justify the following statements:

(1) The use of the finite-difference method of
solution in conjunction with the availabi Iit y
of a high-speed digital comPuter has ken
demonstrated as a highly adequate method of
solving the thermal stress problem in strips

—
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and beams.

(2) It has been shown that the determination of
the accuracy of the solution may be easily
established by a variation in the finite–
difference mesh size.

(3) For all of the temperature distributions
studied, the end effect in the two-dimensional
strip is confined to a region at the end of the
strip whose length is approximately equal to
the width of the strip.

(4) In the absence of longitudinal temperature
gradients the strength-of–materials solution
agrees, for all practical purposes, exactly
with the elastic solution for the two–
dimensional strip except in the end-effect
region.

(5) The solution to the general thermal stress

problem in the box beam represented as a
combination of plane-stress elements, has
been demonstrated.

(6) For the elastic box beam, as in the case
of the strip, the end effect is confined to a
region which extends a distance into the end of
the beam approximate ly equal to the maximum
width of the beam.

(7) When the elastic box beam is subjected to
symmetrical transverse temperature di stribu–
tions, the agreement between the elastic solu-
tion and the strength–of-materials solution is
for all practical purposes exact, except at the
ends of ‘the beam.

(8) When the elastic box beam is subjected to
asymmetric 1 transverse temperature distribu-
tions, the elastic solution does not agree with
the strength–of -materials solution. This dis–
agreement, while never very large, appears to
be due to warpage of the cross section. This
type of distortion is permitted in the elastic
lmx beam but not in the strength-of-materials
solution. In spite of these cliff ere nces, the
elastic solution and the strength-of-materials
solution agree quite we 11 in the regions of peak
stress.

(9) It is strongly recommended that the ship
designer be clearly aware of the regions of
critical thermal stresses. These regions of
critical thermal stresses wi 11 always occur at
those points at which temperature distributions
kmme nonlinear. The more abrupt the de-
parture from linearity, the more critical the

thermal stress. Critical areas for thermal
stresses in ships normally occur at places
such as the waterline, at shadow boundaries
on the deck and sides, and at boundaries be-
tween various tanks or compartments. In most
cases the designer has no control over the en-
vironment which gives rise to the nonlinear
temperature distributions, and for that matter
the operator seldom has much control over the
environment either. So it appears that the de-
signer is mainly concerned with the ability to
live with whatever thermal stresses may be
present in the structure. In some cases the
cri’cical thermal stresses occur in areas where
the nominal stress leve 1 is quite low. For
instance the stress level in the vicinity of the
waterline due to bending loads is quite small.
However peak thermal stresses which can
arise in the deck may superimpose with bend-
ing stresses to create dangerous situations .
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NOMENCLATURE

x, y, z Carte scan Coordinates

n Normal Coordinates

u, v Elastic Displacements

e Elastic Strain
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L, 4

A

I

E

G

v

cl

T

v

f, g

x, y

72

@

cl, Cp, C3

x, y, z

1, 2

1, 2

m, p

Total Strain

Shear Strain

Elongation

length

Cross Section Area

Second Moment of

Elastic Modulus

Shear Modulus

Poisson’s Ratio

Area

Ibngitudinal Coefficient of
Expansion

Temperature Change

Airy Stress Function

General Functions

General Functions

Laplacian Operator

Biharmonic Opsrator

Constants of Integration

Directional Subscripts

Directional Subscripts

Element Subscripts
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Prototype
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APPENDIX A - TABULAR RESULTS CORRESPONDING TO GRAPHICAL RESULTS PRESENTED IN FIGS.
38 THROUGH 43 AND FIG. 47.

DECK STRESS 360 ELEMENT MODEL

ROM

TEMPERATURE DISTRIBUTIDN AIM

MI N–STRESS SHEAR STRESS DIRELTIONCUL

1
1
1
1
1
L
1
1
1
1
1
1
1
1
1
2
2
2
2
2
2
2
2
2
2
2
2
2
2
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3
3
3
3
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3
3
3
3
3
3
3
3
3
3
4
4
4
4
4
4
4
4
4
4
4
4
‘4
4
4
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5

XX-S TILE5S YY–5TRESS xY-STRESS MAX-STRESS

PSIPsI

u.
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459.s3
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9
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242.63
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0.
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22.08
2
3
4
5
6
7
8
9
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28.23
29.05
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-134.04
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13.16

0.00
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366.17
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-0.00
-72.33

-144.79
–216.44
–283.83
–338.97
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-27.40
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13.66

10
11
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1
2
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–31.02
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5
6
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144.00
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9
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421.37
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1127.08
1386.31

13.71
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3
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5
6
7
8
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–21.32
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29.3B
65.39
105.74
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15.71
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114.28
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65.39
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745.41
699.38
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633.07
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3 32.61
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84.53
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TEMPERATURE DISTRIBUTION A1OU

MI N- STRES5 SHEAR STRESS

OELK STRESS 3&O ELEMENT MOOEL
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1
2
3
4
5
6
7
s

1:
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12
13
14
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1
2
3
+
5
6
7
8
9
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11
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1+
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1
2
3
4
5
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r
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12
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2
3
4
5
b
7
a
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6
7
8
9
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XX-STRESS
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PSI
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384.95
371.61
355.70
339.69
326.01
316.80
313.54
316.80
326.01
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355.TO
371.61
304.95
393.34
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375.76
371.15
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350.23
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371.96
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6
6
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42.40
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31.36
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0.60
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31.44
32.57
31.44
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731.03
735.52

32.57
31.36
27.92

–0.6U
–1.12
-1.47
-1.61
-1.54
–1.20

–0.83

735.25
740.42
746.33
751.76

-13.60
-18.42
-20.57
-19.92
-16.54

23.19
17.03

740.89 22.71
744.91
752.29

16.45
9.9-9
4.19

10.53
755.34
755.74

4.55
0.
0.

755.71
755.90
746.20
747.74
747.94
747.16
745.80

–10.99
3.75

–0.1.6
–0.02
1.70
4.01

0.29
0.43
0.53

746.18
747.70
747.07
747.09
745.82
744.52
743.58
743.24
743.58
744.52
745.82
747.09
747.87
747.70

1.74
4.OT
6.67

5.50
6.86
7.25
&.61

6.60
‘3.13
11.23

0.56
0.51
0.39
0.21

9.18
11.26
12.63
13.11
12.63
11.26
Q.1.Y

5.02
2.71

-0.00

744.55
743.59
743.24

12.62
13.11
12.62
11.23
9.13
6.60
4.01

–0.00
-0.21
-0.39
–0.51
-0.56
-0.53
–0.43
–0.2’)
0.08
0.12

–2.71
–5.02
-6.61
-7.25
-6.86
–5.58
-3.75

743.59
744.55
745.80
747.16
147.94
747.75
746.20
743.71
‘345.33
746.43
747.06
747.34
747.40
747.38

6.67
4.07
1.74
0.
0.
0.58

1.70
-0.02746.1S

743.71
745.32

1.03
1.51
1.a9

-0.00
0.57
1.36
2.27

0.15
0.16
0.15

7+6.42
747.ob
747.33

1.37
2.20
3.18
3.95

2.05
1.91
1.47
o.ao

3.la
3.95
4.46
4.64
4.46
3.95
3.la
2.27
1.36
0.57

–0.00
o.
0.27
0.64
1.09
1.5b
1.97
2.24
2.3+

0.11
0.06
0.00

-0.06
-0.11
–0.15
-0.lb
–0.15
-0.12
–0.08
o.
0.

747.+0
747.38
747.3h
747.38

4.46
4.64
4.46
3.95
3.18

0.00
–0.80
-1.47
-1.91
–2.o5
–1.8=3
-1.50
–1.03
o.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.

747.36
T47.36
747.40
747.34
747.06
746.43
745.33
743.71

747.40
747.33
747.05
746.+2
745.33

2.27
1.36
0.58

743.71
743.32

0.
0.
0.27

743.32
744.84
746.07
746.99
747.61
747.99
740.18
748.24
748.19
747.99
747.60
746.99
746.07
744.04
743.33

744.04
746.07
746.99
747.61
747.99
748.18
74a.24
740.19
747.99
747.60
746.99
746.07
74+.84
743.33

0.
0.

0.64
1.09
J.56
1.97
2.24
2.34
2.24

0.
0.
0.
0.

2.24
1.=47
1.5f,

n.
o.
0.

1.9-I
1.56
l.o~ 1.09

0.64
0.27

0.
0.
0.
0.

0.64
0.21
0. 0.

—
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ROM

1
2
3
4

5
6
7

8
9
1
2
3
4
5

6
7

8
9
1
2
3
4
5

b
7
8
9
1
2
3
4
5
6
7
8
9
1
2
3
4
5
6
7
8
9
1
2
3
4
5
6
7
8
9
1
2
3
4
5
6
7

:
1
2
3
4
5
b
7
8
9
1
2
3
4
5
b
7
8
9
1
2
3
4
5
6
7
B
9

COL

1

1
1
1
1

1
1
1
1
2
2
2
2
2
2
2
2
2
3
3
3
3
3
3
3
3
3
4
4
4
4
4
4
4
4
4
5
5
5
5
5
5
5
5
5
6
6
6
b
6
6
6
6
6
7
7
7
7
7
7
7
7
7
8
8
8
8
8
8
8
B
8
9
9
9
Q
9
9
9
9
9
10
10
10
10
10
10
10
10
10

MI N-STRESSXX–STRESS SHEAR STRESS OIRECr IONYY–STRESS XY-STRESS

PSI

MAx-STRESS

PSI

o.
382.86
&8a.76
668.05

0.00
66B.05
688.76
382.86
0.

990.38
723.24
1260.06
2753.5o
1265.35
2753.50
1260.06
723.23
990.37
734.12
666.12
1960.13
3420.68
335.53
3420.68
1960.13
666.12
734.12
532.71
827.94

2187.65

3582.68
90.14

3582.68
2187.65
627.94
532.71
434.50
911.04
2264.13
3628.88

36.59
3&2a.aa
2264.13
911.0’+
434.50
393.34
947.91
2294.47
3b45.95

15.07
3645.95
2294.67
947.91
393.34
37a.03
963.15

2306.98
3652.93

6.00
3652.93
2306.98
963.15
37a.03
373.11
968.a2
2311.83
3655.6q

2.16
3b55. b~
2311.63
966.82
373.11
371.86
970.63
2313.+9
3656.66

0.64
3656.66
2313.49
970.63
371.a5
371.66
971.01

2313.87
3656.89

0.00
3656.86
2313.87
SJ71.01
3T1.66

DEGPSI Pst PSI PSI

o. 0.
0.
0.
0.
0.
0.
0.

0. 0.
0.
0.
0.

ISOTROPIC POINT
90.00
90. OL!
90.00
qo. oo

o.
0.

0.
ISOTROPIC POINT

–22.08
-54.25

0.
0.
0.

765.71
1377.53
1336.10

765.71
1371.53
1336.10

0.
0.
0.

0.00
‘1336.09
‘1377.52

0.00
-o.
-o.

-133i.09
-1377.52
-765.71

0.
-279.79

0.
0.

1421.16

-765.71
0.

0.
0.

-689.87

–o.
o.

1700.960.
–233.34
-463.10
-492.53

-0.00

492.53
463.10

233.34
n.

–692.55

-2939.61
-5825.98

-0.00
5a25.97
2939.61
692.55

-1421.16
1304.38

-1352.95
-4076.lq
-6954.37

-0.00
6954.36
4076.19
1352.95

-1304.38
1022.76

–1680.93
-4418.+7
–7194.82

–685.82
-233.39
685.82
1265.35
685.82

-233.3q
–6S5.82
–689.87
–337.02
–221.46
-15.85
221.46
335.53
221.46
–15..35

-221.46
-337.02
-149.21
–72.03

6.97
72.03
98.14
72.03
6.91

-72.03
-14!2.21
-66.35
-28.15

4.96
28.15
36.59
2s.15
4.q6

–28.15
-66.35
-28.24
-11.73

260.29
–441.30
–405.75

-1186.18
–2961.41
–5912.75

-84.66
82.79

1265.35 -1265.35
405.75
441.30

-260.29
-1700.96

–al.93
–1390.64
–4076.25
–6961.54
–335.53
120.1s
155.w
58.6o

-1386.31
-21.32

-16B4.07
–4418.46
-7195.54
-98.14
30.18
43.17
28.19

–1044.10
–5.10

–1834.03
-4543.57
-7267.78

-36.59

+5.00
5912.75
2961.41
1186.18

7.21
–5.34

-35.74
279.79

1386.31
–58.60

-155.99

-67.92
-13.66
-80.29
–aq.7t
88.14
.+5.00
1.06

-0.23
–q.71

–T6.34
–8.13

-87.50
a9.91
89.+2
45.00
0.58
0.09

–2.50
-81.87
-4.39

–8q.11
a?J.9+
89.78

0.
-96.50

-156.05
-127.36

-0.00
127.36

-120.18
335.52

6961.53
156.05
96.49
0.
0.

–31.33
-43.18
-30.qo

4076.25
1390.04
81.93

1044.10
–28.19
–43.17
-30.18
90.14

7195.54
441a.4s

-0.00

7194.81
0.00

30.90
4418.46
1680.93

–1022.70
858.81

-1833.60
-4543.57
-7267.67

-0.00
7267.67
4543.56
1833.60

43.18
31.33
0.
0.

1684.07
21.32
863.91
–11.95
-15.32
-10.02
36.59

–12.39
-15.32
-10.13
-0.00 45.00
10.13
15.32

7267.78
4543.57

10.02
15.32

0.22
0.06

12.39 1834.03 11.95 –0.89
-85.61
–2.06

–$9.65
09.97
Elq.91
45.00
0.09
0.03

-0.35
–a7.94
–!5.83
–09.84
89.99
89.q6
45.o1
0.04
0.01

–0.14
–8q.17
-o.2q
-8q.q5
90.00
89.99
45.02
0.01
0.00

–0.05
-89.71
-0.08

-8q.99
5’0.00
~lo.o,l
45.09
O.ou
0.00

-0.01

-858.51
784.65

0.
0.

–5.51
-6.57
-4.22
0.00

5.10
785.67
-5.44

-663.91
–1.02

-1901.26-1901.18
-4595.51
-7296.00

–o.00
T296.08
4595.51
lqO1.lB
–784.65
755.74

–1928.6a
-4616.81

2.29
11.73
15.07

–6.5b -4595.51
–4.2o
15.07

–7296.10

–15.07

4.22
6.57
5.51

11.73 7296.10 ‘4.20
6.56
5.44

–785.67
-0.16

–192E!.6q
-4616.81
–7307.bq

-6.01
1.82
2.85
2.39

–755.90
–0.02

–193a.59
–4624.81
–7312.11

–2.16
0.74

2.29
–11.73

4595.51
1901.26

0.
0.

-2.40
-2.85
–L.82
0.00
1.63
2.85

-28.25
-10.99
-4.67
o.a9
4.67
6.00
4.67
0.B9

-4.67
-10.99
-3.15
–1-67
0.29
1.67
2.16
1.67
0.29

-1.67
–3.75
–1.03
–0.49
0.07
0.49
0.64
0.4Y
o.oa

–0.49
-1.03
0.
0.

1.02
755.90
-2.39
-2.85
–1.82
6.00

7307.68
4616.81

-7307.68
-0.00

7307.6a
4616.R1
192a.6a
-755.74
746.18

2.40
0.

1920.69
0.16

746.200.
-0.96
-1.15
-0.74
0.00
0.74

-1938.5q –0.96

-1.15
–0.74

2.16
7312.11
4624. B1

1938.60
0.02

743.71

–0.35
-0.42
-0.26

0.64
7313.59
4627.40

-4624.81
-r312.11

-0.00
7312.11
+624.al
1938.59

1.15
0.%

1.15
0.96

–746.20-746.18
743.71

-1941.60
–4627.40
–7313.60

o.
0.

-0.35
-0.42
-0.28

-0.00
–L941.60
-4627.40
-7313.60

-0.64
0.28
0.42
0.35

–7+3.71
o.

–l942.2o
-4627.96
-7313.93

-0.00
0.15

–0.00
7313.59

-0.00
0.28

4627.40 0.42

1941.60
–743.71
743.33

0.35
0.

1941.60
0.00

743.33
-Hq.92

o.
qo.00

0.
-0.In
–0.23
–0.15
–o.00

-1942.20
-4627 .SJ6
-7313.93

-0.00

-0.18
-0.23
-0.15
-0.00

7313.q2
4627.96
1942.21
-o.

0.
0.

90.09
90.00
L’o. ouo.

0.
0.
0.
u.

7313.92
4627.96
1942.21

0.15
0.23
0.18

0.
0.0.23

0.18
-743.32

0.
90.00-T43. 32 0.
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TEMPERATuRE DISTRIBUTION AIOO

ROM

1
2
3
4
5

b
7
8
9

10
11
12
13
14
15
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
1
2
3
4
5
6
7
El
9
10
11
12
13
14
15
1
2
3
4
5
b
7
8
9
10
11
12
13
16
15

COL

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
2
2
2
2
2
2
2
2
2
2
2
2
2
2
2
3
3
3
3
3
3
3
3
3
3
3
3
3
3
3
4
4
+
4
4
4
4
4
4
4
4
4
4
4
4
5
5
5
5
5
5
5
5
5
5
5
5
5
5
5

XX–STRESS

PSI

YY-STRESS

PSI

MI N–STRESS

PSI

SHEAR STRESS DIRECTIONXV–STRESS

PSI

MAX–STRESS

Ps 1 PSI

o.
224.95
354.’+5
427.08

466.44
486.71
496.08
490.77

496.08
486.71

466.44
427.08

354.45
224.95

0.
990.37
637.61
422.3S
285.81
194.28

137.11
103.07

91.25
103.07
137.71

196.28
285.81
422.3S
637.61

990.38
734.12
588.36
459.53
347.50

749.95
163.93

88.14
4*1.94
80.14

163.93

24q.95
347.50
459.53
5s8.36

734.12
532.71
476.14
410.21

340.68
272.27
209.09
161.62
142.04
161.62

20q.89
272.27
340.68
410.22

476.14
532.71
434.50

411.55
379.81
343.63
307.42
275.8S
253.96
246.04

253.96
275.88
307.42
343.63
379.81
411.55

434.50

OEG

o.
0.
0.
0.
0.

0.
0.
0.

0.
0.

0.
0.
0.
0.
0.

0.
0.
0.
0.

0.
0.
0.
0.
0.
0.

–6ti9.87

–49T.90
-352.03
-242.63
-160.3S

-97.09
-45.69

–0.00

45.69
97.09

0.
449.90
708.90
854.16
932.8a

ISOTROPIC PUINT
90.00
90.00
90.00
90.00

90.00
90.00
90.00

90.00
90.00
90.00

90.00
90.00
90.00

0.
449.90
700.90
854.16
932.aa
973.41
992.16
q97.54

u.
o.
0.
0.

0.
0.
0.
0.

0.
0.
0.
0.
0.

0.

–170::96
–109s.35

-700.81
-434.21
-254.93

-138.12
–70.80
–46.45
-70.80

-138.12
-254.93

–434.21
–700.81

-1098.35

–lTOO.96
–1386.31
-1127.07

-900.40
-70E.72

975.41

992.16
991.54

992.16

973.41

q92.16
973.41

932.88
854.16
708.90
449.90

0.

932.8a
E54. 16
708.90
449.90

0.
279.79

176.86
143.95
137.42
137.63
137.30

135.34
134.04
135.34
137.30

0.
0.
0.
0.

-1421.16
–a59.04

-511.83
–299.46
–171.80
-98.07
-60.12
-48.45
–60.12
–98.07
-171.80
–299.46
–511.83
-859.04

-1421.14
–1304.38

–999. 24
-751.14
-561.72

ISOTROPIC P01N7
-67.92
-64.33

0.

–62.45
–45.03

2.67
54.50
97.26

124..56
134.04
124.66

97.26

–61.7/
–60.95

–62.60
–67.58
-76.84
-90.00
76.a4
67.58
62.60

40.95
61.77
64.33
67.92

-76.34
-70.76
–66.23
–62.62
-60.01
-50.98
-62.43
90.00

54.50
2.67

-45.03

160.3a
242.63
352.03

137.63
137.42
143.94

-62.45
0.
0.

–78.18
-130.60
-160.71

497.90
689.87

–337.02
-366.17
-338.97
-2a3.a3
–216.44
–L44.79
–72.33

176.86

279.79
81.93
49.65
18.66

-13.71
–50.27
–93.51
-144.00

–425.25 –175.20
–180.56
–181.77

–550.18
–421.37
–320.27

–3i4.ii
-2E2.51
–265.71
-282.51
-334.31
–425.25

-181.83
-181.77
-180.56
–175.20

-160.71
–130.60

-78.18

0.

0.00 –161.83
-144.00
-93.51
-50.27
–13.71
10.66
4Q.65

-265.71
-320.27
-421.37
-550.18
–700.72
–900.40

–1127.OE
–1386.31
–1044.10
–952.13
–849.81
–746.75
-650.2a
-566.93
–505.75
–481.82
-505.75
-566.93
-650.27
-746.75
-@.49.131
-952.13

-1044.11
-863.91
-a33.82
-792.22
-745.41
‘699.38
–660.00
-633.06
–623.43
-633.07
-660.00
-699.38
-745.41
-792.23
–833.82
-863.91

72.33
144.79
216.44

b2.43
5a.9a
60.01

-561.72
-751.14
–999.25

283.83
33a.97
3b6.17

k2.62
66.23
70.76

-1304.38
-1022.7S
–907.5a
-789.68
-683.37
–596.55
-533.09
-494.67
-4al.82
-494.67
–533.09
–596.55
-683.37
–789.69
-907.58
-1022.78
–858.81
-822.18
–775.77
-727.96
-685.12
-651.72
-630.62
-623..+3
–630.b2
–651.72
-685.12
-727.96
-775.77
-?.22.19
–.958.91

337.02 81.93 76.34
-81.87
–77.51
-74.29
-72.24
–71. b9

-73.51
-79.33
-90.00

0.
-44.40

-149.21
–201.10
–213.80

21.32
0.15

-29.38-a9.50
-128.77
-159.47
-180.98
–193.59
–197.73
-193.59
-180.96
-159.47
–128.77
-8’2.50
–44.40
o.

–197.90
-162.39
-114.28
-58.82
-0.00
59.f32
114.28
162.39
197.90
213.80

-65.39
–105.74
–147.15
–la2.51
-197.73
-182.51
-147.15
-105.74

79.33
73.51
71.09
72.24
74.29
77.51

–65.39
‘29.38

C.15201.10
149.21
-66.35
-97.18
-110.60
-108.12
-92.53
-67.09
-35.15

21.32 .91.E7
–.95.61
–83.17
–81.54
–60.83
–81.24
-82.96
–86.02
-90.OLI

5.10
-10.73
–32.6o

o.

–22.37
-49.0.4
–75.60
–q&.79

–116.53
–127.59
–131.34
-127.59
-116.53
–Qn.79
-75.60
–49.06
-22.37

0.

–5a.15
–84.53
–108.25
–125.15
–131.34
‘125.15
-lea.25
–84.53

-0.00

35.15
67.09

86.02
.92.96
81.2492.53

10EI.12
110.60

–58.15
-32.60

EIO.E13
81.54
03.1797.18

66.35
–10.73

5.10 a5.61 —
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ROW

L
2

3
4
~

6
7
B
9

10

11
12
13
14
15
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
1
2
3
+
5
6
7
@
9
10
11
12
13
14
15
1
2
3
4
5
6
7
8
‘4
10
11
12
13
14
15
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15

Col

6
6
6
6
b
6
6
6
b
6
6
6
6
6
6
7
7
7
7
7
7
7
7
7
7
7
7
T
7
7
8
8
El
B
8
8
a
8
8
8
8
8
8
E
8
9
9
9
9
9
9
9
9
9
9
9
9
9
9
9
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10

XX–STRESS YY-STRESS

PSI

–784.65
-775.76
–760.43
–742.33
–724.72
-710.23
-700.78
-697.50
-700. T8
–710.23
–724.72
-742.34
–760.43
–775.?6
-70.4.65
-755.74
–755.34
–751.75
-746.32
-740.42
–735.25
-T31.75
-730.52
-T31.75
–735.25
–740.42
-746.33
-751.76
-755.34
-755.74
–T4h. 18

–747.70
–747.87
–747.09
–T45.82
-744.52
-743.58
–743.23
–T43.58
–744.52
–745.82
-747.09
–747.f37
–747.70
-746.18
-743.71
-745.32
–746.42
–747.05
-747.33
-747.40
-747.30
-747.36
-747.30
-747.40
-747.33
–747.05
-746.42
-745.32
–743.11
-743.32
-74’4.8’4
-746.07
-746.99
-747.bl
–747.98
–748.19
–7%4.24
-748.19
-747.98
-747.61
–746.99
–T46.07
–744.84
–743.32

PSI

o.
-10.54
–23.96
–38.13
–51.14
-61.50
-68.14
-70.42
–6S.14
–61.50
–51.14
-38.13
-23.96
-10.54
0.
0.

-4.55
–10.53
–17.03
-23.18
–2s.L9
–31.4*
-32.57
-31.44
-28.19
–23.18
-17.03
–10.53
-4.55
0.
0.

–1.75
–4.00
–6.60
–9.19

-11.27
-1.2.63
-13.11
–12.64
‘11.27
–9.19
-6.68
-4.08
-1.75
0.
0.

-0.58
–1.36
–2.20
-3.1s
–3.s15
–4.46
–4.64
-4.46
-3.95
-3.18
-2.27
-1.36
-o.5a
o.
0.

‘0.27
-0.64
-1.09
-1.56
-1.97
-2.24
-2.34
-2.24
-1.qr
-1.56
-1.09
-0.64
-0.27
0.

XY-STRESS

PSI

-28.25
-42.41
–49.96
-50.45
-44.31
-32.74
-17.35
-0.00
17.35
32.74
44.31
50.45
49.90
42.41
28.25

–10.99
-16.54
-19.92
‘20.57
-18.42
-13.80
-7.3e
0.00
7.38
13.80
18.42

20.57
19.*2
16.54
10.99
-3.75
-5.58
-6.06
-7.25
-6.61
–5.02
-2.71
0.00
2.71
5.02
6.61
7.25
6.86
5.58
3.75

-1.03
–1.50
-1. s9
-2.05
–1.91
–1.47
–0.80
0.00
0.80

i.47
1.?!1
2.05
1.89
1.50
1.03
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.
0.

MAX–STRESS

PSI

1.02
-8.19
-20.59
-34.54
-48.24
–59.s5
–67.66
–70.42
–67.66
-5g.85
-48.24
-34.54
-20.59
-8.19
1.02
0.16

–4.19
-9.99

-16.45
–22.71
-27.92
-31.36
-32.57
–3i.36
–27.92
-22.71
-1.5.45
-9.99
–4.19
0.16
0.02

-1.70
-4.01
-6.60
-9.13
–11.23
–12.62
–13.11
-12.63
–11.23
-9.13
–6.60
–4.01
-1.?0
0.02
0.00

–0.57
-1.36
-2.27
-3.la
-3.95
-4.46
-4.64
–4.46
-3.95
–3.17
–2.27
–1-36
–0.57

0.00
-0.
-0.27
-0.64
-1.09

–1.56
–1.97
–2.24
–2.3+
-2.24
-1.97

–1.56
–1.09

–0.64
–0.27
–o.

III N-STRESS

Ps I

-785.67
–778.10

-763.81
-745.93
-727.62
–711. EtB
–701.25
–607.50

–701.25
-711.88
-727.63
-745.93
-763.81
-778.10
–785.67
–755 .90

–755.70
-752.29
-746.90
-740.89

–735.51
-731.83
-T30.52
-731.83
-735.52
-740.90
-746.91
-752.29
-755.71
–755.90
–74.s.20
–7.47.74

-747.94
–747. 16
–745.88
-744.55
-743.59
–743.23
–743.59
–744. 56

-745.88
-747.16
–747 .94

–747 -7’$
-746.20
-743.71
-745.33

-746.42
-747.06
-747.34
-747.60
-747.38
-747.36
-747.30
-747.40
–747. 34
–747.06
–74&.43
–745.33

–743.71
-743 .“32
–744 .84

-746.07
-746.99
-747. bl
–747. 98
–740.19
–748.24

–748.19
-747.98
-747.61
–746.99
–74b.07
–744.04

–743.32

SHEAR STRESS DIRECTION

PSI

393.34

384.95
371.61
355.70
339.69
326.01
-416.80

313.54
316.80
326.01
339.69
355.70
371.61
384.95
393.34
378.03
375.76

371.15
365.22
359.09

353.80
350.23
348.97
350.23
353.80

359.09
365.23
371.15
375.76
176.03
373.11
373.02

371.96
370.28
368.38

366.66
365.+8
365.06
365.4a

366.66
368.38
370.28
371.96
373.02

373.11
371.85
372.38

372.53
372.39
372.08
371.73
371.46
371.36
371.46
371.73
372.08
‘3T2.40
372.53
372.38
371.136

371.66
372.29
372.71
372.95
373.02
373.01
372.97
372.95

372.97
373. o1
373.02
372.95
372.72
372.29

371.66

LIEG

–.27.94

–86.84
-86.14
-85.92
-.96.25
–n7.12
–08.43

–90.00
88. G3
87.12
86.25
85.92
86.14
86.84
87.94

-89.17
-88.74
–S!8.46

–88.3,J
-88.53
–88. SB
–99.40

90.00
89.40
88.80
0S.53

88.39
88.46
88.74
89.17

-89.71
-89.5T
-89.47
–nq.44
–M9.49

-89.61
-89.79

90.00
89.79
89. bl

89.4Y
89.44
89.47
89.57
8~.71

–89.92
-89.68
–B~. H5

–89.84
–89.85
–89.89
–89.94

90.00
89.94

89.89
89.85
09.84
89.85
89.88
8q.92

90.00
90.00

90.00
90.00
90.00
90.00
90.00
90. OU

90.00
90.00

qo. oo
90.00
90.00
90.00
90. OL!
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TEMPEKATURE DISTRIBUTION AIOO

MI N-STRESS SHEAR STRESS OlllECr ION

PORT STRESS 360 ELEMENT MODEL

ROM

1
2
3
4
5
6
7
8
9
1
2
3
4
5
6
7
n
9
1
2
3
4
5
6
7
El
9
1
2
3
4
5
6
7
8
9
1
2
3
4
5
b
-r
8
9
1
2
3
4
5
t.
7
8
9
1
2
3
4
5
6
7
8
9
1
2
3
4
5
6
7
a
9
1
2
3
4
5
6
7
8
9
1
2
3
4
5
b
7
8
9

XX–STRESS YY-STRESS XY-STRESS MAX-STRESS

PSI Psl

o.
382. !36

688.76
668.05

0.00

668.05
688.76
382.86

0.
990.38
723.24

1260.06

2753.50
1265.35
2753.50
1260.06
723.23
990.36
734.12
666.12
1960.13
3420.68
335.53

3420.6B
1960.13
666.12
734.12
532.71
827.94

2187.65
3582.68

98.14
3582.68
2187.65
827.94
532.71
‘434.50
911.04
2264.13
362S.88
36.59

3628.88
2264.13
911.04
+34.50
>93.34
947.91
2294.47
3445.95

15.07
3645.95
2294.47
947.91
393.34
378.0?
963.15
2306.9E
3652.93

6.00
3652.93
2306. S’8
963.15
37a.03
373.11
960.82

2311.83
3655.6*

2.16
3655.69
2311.83
968.82
373.11
371.86
970.63
2313.49
3656..56

0.64
3654.66
2313.49
q70.&3
371.86
371.66
971.01

2313.87
3656.89

0.00
3656.8E
2313.87
971.01
371.66

OEGPs I PSI PSI Psl

ISOTROPIC POINT

o.
0.
0.
0.

90.00

90.00
90.00

1
1
1
1
1
1
1
1
1
2
2
2
2
2
2
2
2
2
3
3
3
3
3
3
3
3
3
4
4
4
4
4
4
4
4
4
5
5
5
5
5
5
5
5
5
b
b
6

6
b
6
6
6
6
7
7
7
7
7

:
7
7
8
a
8
8
8
E!
8
8
8
9
9
9
q
7
9
5’
9
9
10
10
10
10
10
10
10
10
10

0.
0.
0.
0.
0.
0.
0.
0.
0.

–1421.16

o.
-765.71

0.
0.

0.
-o.
-o.
-o.
-c.

1336.09
1377.53

0.
-765.71
-1377.53-1377.53

–1336.10
–o.00

1336.09
1377.53

0.
0.

0.
0.

-1336.10
–0.00
o.
0.0.

765.71
0.

0.
0.

689.8T

765.71

0.
279.79

0.
0.

–1700.96
ISOTROPIC POINT

67.92
35.75

0.
233.34
463.10
492.53

692.55
2939.61
5825.98

6.85.82 1186.18
2961.+1
5912.75
1265.35
–405.75
-441.30
260.29

–260.29
233.39

-6g5.82

-1265.35

‘441.30
405.75

-1265.35

5.34
-7.21

–45.00
–82.79

84.66
54.26

22.08

0.00
-5025.97

–2939.61
-692.55

0.00
-492.53
–463. 10

-233.34

-685.82
233.39
685.82

609.87
33T.02
221.46

15.85
–221.46
-335.53
-221.46

15.05
221.46
337.02

-5912.75
–2961.41
-1186.18
–279.79

–1386.31
58.60
155.99

1421.16
–1304.38

0.
0.

96.49

1700. qb

81.93
1390.84

76.34
9.711352.95

4076.19
6954.37

156.05
127.36

-0.00

–127. 36
–154.05

-96.49

0.

4076.25 0.23
–l. no

-45.00
–aa. 14

89.7)
80.2~4

13.66
81.87

2.5u
-0.09
–0.58

-45. OU
-89.42
-89.91

87.50
8.13

a5.61

0.89
-0.06
-0.22

-45.00

–89.78
–89.9+

89.11
4.39

87.94
0.35

-0.03
-0.09

–45.00
–8q.91
–89.97

89..35
2.06

n9.17

0.1+
-0.01
-0.04

–45.00
–89. YA
–89.99

89. L16

0.83
89.71

0.05
-0.00
–0.01

–44. 99

–B9.9,J
–90.00

89.95
0.29

89.92
0.01

-0.00
-0.00

-44.93
-90. OU
-90. od

6961.54
335.53

120.18
–335.530.00

-6954.36
–4076.19
–1352.95

-120.18
-155.99
-58.61
13B6.31
21.32

1684.07
4419.48
7195.54
98.14

–30.18
–43.17
–28.19

–6961 .54
-4076.25
–1390.84

-81.93
-1044.11

1304.38
-1022.78
1680.q3
441E7.47

o.
31.33
43.18

149.21
72.03
-6.97

2S.19
43.17
30.187194.82

0.00
-7194.81

30.90
0.00

-30.90
–43.1s
–31.33

o.
0.
12.39

-72.03
-90.14
-72.03

-6.97
72.03

149.21
66.35
28.15
-4.96

‘28.15
‘36.59
-2EI.15
–4.96
28.15

–98.14
–7195.54
–4418.48
-1684.07

-441a.47
-1680.93
1022.77
-.958.s1

1044.10
5.10

1034.03

-21.32
-063.91

11.951533.59
4543.57
7267.67

15.32
10.13
–0.00

4543.57
7267.78
36.59

-10.02
-15.32
-11.95
a63.90

15.32
10.02

–36.59
-7267.78
–4543.57
–1834.03

:5.10
–785.67

5.44
6.56
4.2o

-15.07
–7296.10
-4595.51
-1901.26

-1.02
-755.90

2.39
2.85
1.82

–6.00
-7307.68
-4616.81
-1920.69

–0.16
-746.20

0.96

1.15
0.74

-2.16
–7312.11
–4624. S1
–193a.60

0.00
-72i37.b7
-4543.57
-1833.60

858.al
–7a4.65
1901.18
4595.51

-10.13
-15.32
-12.3q
o.
0.
5.51

bb.35

221.25
11.73
-.2.29

i.02
1901.25
4595.516.57

4.22
-0.00
-4.22
-6.57

7296.08
0.00

–11.73
–15.07
-11.73
-2.29

7296.10
15.07
–4.20
–6.57
-5.44
785.67
0.16

1920.69

-7296. oa
–4595.51
–1901.18

7a4.65
–755.74
lq20.68
4616.81
7307.6a

0.00
–7307.6a
–4616.al
–1929.6.9

755.74
-746.18
193a.59
4624.al

-5.51
0.

11.73
2a.24
10.990.

2.40
2.85
1.a3
0.00

-1.82
-2.a5
-2.40
0.

+.67
-o.aq
-4.67
-6.00
–4.67
–o.Bq
4.67
10.99

4616.81
7307.69

6.01
-1.az
-2. a5
–2.39
755.90

0.
0.96

3.75
1.67

–o.2q

0.02
1938.59
4624. B1
7312.11

1.15
0.74
0.00

–0.74
–1.15
–0.96
o.
0.
0.35
0.42
0.20
0.00

-0.28
-0.42
-0.35
0.
0.
0.la
0.23
0.15

–o.00
-0.15
-0.23
–0.la
o.

73i2.11
0.00

–1.67
–2.16
-1.67
-0.29

2.16
–0.74-7312.11

-4624.81
-1938.59

746. lEI
-743.71
1941.60
4627.40
7313.60

0.00
-7313.59
-4627.40
–1941.61

T43.71
–743. 32
1942.20
4627.96

–1.15
–0.’361.67

3.75
1.03

74i.20
0.00

1941.60

–0.02
–743.71

0.350.49
-o.oa
–0.49
–0.64
–0.49
–0.07
0.49
1.03
0.
0.
0.
0.

4627.40
7313.60

0.64
-0.28

0.42
0.2(3

-0.64
–7313.59
–4627.40
–1941.61

-0.00
-743.32

-0.42
-C.35
743.71

89.99
0.08

90.00-o.
1942.20
4621.96
7313.92

0.00
-0.15
-0.23
–0.18
743.32

0.18
0.23
0.15

0.
0.
0.7313.92

0.00
–7313.92

o.
0.

–0.00
-7313.92
-4627.96
-1942.21

0.

0.
90.OL!
90.00-4627.96

-1942.21
743.32

0.
0.
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APPENDIX B - TABLULAR EXPERIMENTAL DATA AND RESULTS PRESENTED GRAPHICALLY IN FIGS. 14,
17, AND 18.

TABLE B-1 . MODEL MIDSHIP SECTION GEOMETRY DATA FOR FIG. 14.

ELEMENT
NO*

1
2
3
4

5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40

ELEMENT AREA
SQ. -IN.

0.3343
0.3343
0.4069
0.4069
0.4110
O*4I1O
0.4110
0.4110
0.4110
0.4110
0.4110
0.3535
0.3535
0.4343
0.4343
0.4110
0.4110
0.4631
0.4631
0.1192
0.1192
000685
0.0685
0.0685
0.0685
0.1192
0.1192
0.3261
0.3261
0.2809
0.2809
0.1836
0.1836
0.3357
0.3357
0.7562
0.7562
0.6165

0.6165
0.6165

X CO–ORDINATE
FT.

+lm2040

-1.2040
+0.9991
-0.9991
+0.7500

-0.7500
+0.5000
-0.5000
+0.2500
-0.2500
+0.0000
+1.2440

-1.2440
+1.2440

-1.2440
+1.2440
-1.2440
+1.2440

-1.2440
+1.2440

-1.2440
+1.2440
-1.2440
+1.2440

-1.2440
+1.2440
-1.2440
+1.2440
-1.2440
+1.2440
-1.2440
+1.2440
‘1.2440
+1.1250
-1.1250
+0.7925

-0.7925
+0.3750

-0.3750
+0.0000

Y CO-ORDINATE
FT.

+o*7958
+oe7958
+0.7800
+0.7800
+o.7800

+0.7800
+0*7800
+0.7800
+o.7800
+0.7800
+0.7800
+0.7542
+o.7542
+o. 5150
+0.5150
+oe 2575
+Oe2575
‘0.0083
-oeooa3
-0.1858
-0*1858
-0,2425
-0.2425
-CIe Z842
-O* 2842
-0.3417
-0.3417
-0.4767
-0,4767
-O S6617
‘0~6617
-0.8025
-0.8025
-0.8408
-Oe8408
-0.8408
-0.8408
-Oe 8408

-0.8408
-0.8408
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TABLE B-3 -APPARENT STRAIN CALIBRATION
TABLE - STRAIN GAGE LOT A5-L- 1.

TABLE B-2 - TEMPERATURE CONVERSION TABLE.
TEMPERATURE

DEG-F

TEMPERATURE READING
uNITS

109
139
170
204
229
261
286
315
331
350
371
392
410
433
448
467
490
514
530
549
571
593
612
633
653
673
693
714
775
797

TEMPERATURE
DEG-F

30.0
39.0
47.5
57*O
64.0
73.0
80.0
8800
92,0
9700

103*O
10805
113*O
119*O
123*O
128s0
134.0
14000
144.0
149.0
154*5
16000
165*o
17000
175.0
180.0
185.0
190.0
205.0
21O*O

50.0
52.5
55*O
5705
60.0
62.5
6500
67.5
7000
72.5
75.0
77*5
8000
82.5
85.0
87.5
90.0
92.5
95*O
97*5

10040
102.5
105*5
10705
11O*O
112.5

115*O
117.5
120.0
122.5
125.0
127.5
130.0
132.5
13590
137*5
14090
142.5
145.0
147*5
150.0
152.5
155.0
157.5
160.0
162.5
165.0
167.5
170.0

APPARENT STRAIN
-6

IN/IN X 10

-5300
-47*5
-42.0
-37*3
-32.5
-28.3
-24.0
-21.0
-17.3
-14.0
-11*5
-9*O
-7*O
-500
-3*5
-2.3
-1*5
-1*O
-O*5
-O*5
-1.0
-1.5
-2.5
-3.5
-4*5
-6.0
-7*5
-9*5

-11.3
-13*5
-16.0
-18.5
-21*O
-24.0
-27.0
-3000
-33.5
-37*O
-40.5
-4405
-48*5
-52.5
-57*O
-61.0
-65.5
-70.0
-74.5
-79*5
-84.0
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TABLE B-4 - DATA FOR FIGURE 17.

sTRAIN

LONGITUDINAL

lNITIAL

508

500

507
503

507
504

503
507
506
504

509

READINGs TEMPERATURE
cOMPUTED STRESS PSI

CHANGE FROM STRAIN FROM TEMPERATuRE
READINGS CHANGE

TEMPERATuRE
ELEMENT

READINGS TRANSVERSE
DEG– F

99.7

INITIAL

196

196

196
195

195
195

195
L95
195
195

195

196

196

196
196
196
197
197
197
197
198
198
198
198
198
198
198
198
198
198
199
199
199
199
199
199
199
199
199

F1 NAL

571

535

579
555
586
568

590
574
590
57a

5B6

562
516

533
469
490

421
421
357
3 OD

293
27.4

277
256

260
244

%4s
219

220
212
212
210

210

210
210
2!1

211
211

211
211

INITIAL ‘--qn, LONG ITUOINAL

1060

TRANSVERSE

-15
700

-160
-25D

LONGITUDINAL

770

FINAL
530

538
498
A90

476
464
454

450
461
+44

456

527

564

500
544

461
536

500
553
625

578
661

602
67o

602
661

612
631

582
573
532
524

483

497

471
486
477

487

476
492

r ,,” AL

479
525
482
490
473
505
490
471
474
473
468
486
515
530
619
521
534
536
528
506
511
522
527
495
512
4.36
507
484
492
483
509
503
524
513
519
511
73D
518
519
530

1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
2E
29
30
31
32
33
34
35
36
37
38
39
40

ELEMENT

503
510
506
502
506
503
510
505
507
502
507
504
502
503
508
504
503
507
503
503
501
504
504
510
503
508
506
509
501
495
509
499
507
506
505
503
716
506
502
499

90.6
101.7
96.0

1050
190

-280

1090
47

-65

103.8
99.3

104.8

100.8
104.8

101.8

-510
’800
-900

-1570

’890

‘1560

’560
180

-220

-550
-570
’89o
-720

-1050
-760

-1000
730
1530
-72o
980

–1720
410

-1300

-1030
–610
-830
–950

50
103.8

97.5

‘1280

1080501

502 85.7
90.0
73.8
79.2
60.8
60.6
44.0
28.8
26.6

1790
-46
1390

640
730506

503 3030
-500
–50

500
498
504
501
502
502
501
500
509
497
502
505
504

-1810
110

-1270
210

2460
-430
-350
–480
730
330

510
294o

1070

4060
2180

4010

1820
3750
2000
4240
246o
4220

21.3
22.2
16.3
17.&
12.9

-110
100

-160
2350
4080

14.0
5.9

6.2

45
‘llo
-20

2430
3960
2330

3450
,2110500

503
502

3.9 1860 2080
570
500

3.6
3*1
3.1
3.1
3.1

690
25o

-aoo

-15
15510

505 110
-70
-125
-130
-115
-50
50

64o

-1060
-45

-1460
-310

-1350
-5.30

-1050
-alo

503
508
500
508
506
502
503

-370
-1320
-6503.4

3.6
3.4
3.4
3.4

-1170

-775

-960
-340

TABLE B-5 - DATA FOR FIGURE 18.

TEMPERATURE

READINGS

STRAt N READINGS TEMPERATURE

CHANGE
COMPUTED STRESS pSl

FROM sTRAIN FROM TEMPERATuRE

READINGS OIANGE

LONG ITUOINAL TRANSVERSE LONGITUDINAL

-170 17 -87
1530 340 1530

LONGITUDINAL

INITIAL

498

390

465
467
476
509
439

450
441

448
462
471

498
481
470
471

TRANSVERSE

NO.

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
.25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40

INITIAL
-. .,., FINAL

476

445
1143

448

449
/+54

409
389
410

395
423
444

600
433
575

417
53a
476

504
657
588
699
571
626
553

688

563
714

538
589
503

550
415

692
416
527

563
460

440
668

INITIAL

464
365
677

478

469
556

470
470
477

504
475
k86

496
4a5
465

470
473
527

442
528
525
534

5D8
628
484

474

470
494

455
510
560

503
492

473
479
474

878
427

469

FINAL

450

389
459

474

450
561
456
456
457
4$7
&5&
lh75

495
507
487

487
472
551

442
515
522
534
513
621
483

455

471
475

463
506
575

499
517

472
503
476

695
435

489

OEG-F

63.2
38.7

62.1
49.7

61.3
55.6
60.0
57.7
59.5

58.2
5a.7
64.0
31.9
60.9

21.2

53.4
16.7
38.7

11*2
14.0

5.9

9.3
4.8
7.3

3.9

5.6
2.0

3.1
2.2

2.5
1.7
2.0
1*7

1.7

1.7
1.7

2.0

2.0
2.0
1.7

,,,” HL

501
407

499
452

498
477

495
486
494
489
491
501

377
481
332
443

303
373

274
271
243
254

238
243
231
237

227
223

219
218
215

.215
214

214
214
21.$

214

214

214
214

263
263
265
266
?67
268
269
269
270
270
27o
260
260
253
254
244
245
232
234
221
222
221
221
217
217
217
217
212
211
209
209
208
208
208
208
208
207
207
207
208

-210
-530
-370

-115
-lao

’260
-510
-440
-1360
-520

-1430
-76o
-1190
-950
-480
255o

-180
ab

-60

-460
’27o

-430
-410

34

420
560

1050

-240
2a

-115
-6.9

-150
-70

-1320
-440

-1560
-520

-12ao
-830
-340
2a30

-1080
3000 3060

‘1750
2300
’620
1490
3130

-1900
1’700459

472
44?
541
545
567
525

1220
2870

1010
373r
1240

1340
3690
1170

6&0
275

490 3900
1110
3780

550
al

220

3800
1060
3750

510

555

525
606

5?.0
510
527

503

1050
3120
165

2270
-7ao
1340

-1660
1090

-1710
370

-1500
14

-850
-170

180
140
165

140
135
140
190

180
145

67

-23
130

25o
600

a90

3330
87

2180
‘1080
1320

‘2040
950

-2140
490

-1750
-140

-1170
-595

469
454
471
512
609
457
467
676

—
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APPENDIX C

Calibration and Instrumentation

Strain Gaqe Calibrations

Two basic calibration tests were performed
on the electrical resistance strain gages. The
first test made was that of determining the
effective gage factor and gage factor tempera-
ture correction, the second test was that of
determining the apparent strain curve for the
strain gages.

The installation of the strain gage into an
electrical network always causes a de sensi-
tization of the gage, and hence the need for a
careful determination of the effective gage
factor arises. This determination was carried
out by placing gages on a calibrated bar in a
tensile testing machine, and observing the
strain gage output versus the known applied
strains. The effective gage factor thus found
was 2.00. The strain gages used in this in-
ve stigation had a manufacturer’s gage factor
of 2.01. It was further determined that with-
in the temperature range of 45 F to 180 F that
no measurable change in the effe c’cive gage
factor occurred.

When an electrical straingage is mounted on
a stress free specimen and subjected to temper-
ature excursions it is observed that in general
the strain reading is a nonlinear function of
the ‘temperature. This effect makes necessary
a careful temperature calibration of the strain
gages. To make this test, gages chosen at
random from those received from the manu-
facturer were mounted on test coupons cut

from the stee 1 sheet from which the mode 1 was
fabricated. These small test coupons were
then placed in a small test oven to permit
accurate ly controlled temperature excursions.
Simultaneous temperature and strain gage
measurements were then made to obtain the
apparent strain curve. The reproducibility of
this curve from different gages was within the
least count of the measuring instrument, which
was i 1 micm–inch/inch. For computational
work this experimental curve was reduced to a
table which is given in Appendix B.

Material Tests

Routine tensile tests were carried out on
stee 1 specimens cut from the stee 1 sheet from

modulus was determined to be 30.0 x 106 psi,
and the Poisson’s ratio was found to be 0.28.

Specimens cut from the length and width
directions of the stee 1 sheet were te steal to
determine if any measurable anisotropic ef-
fects were present. To within the accuracy of
the measuring instruments, the specimens from
the two perpendicular directions yielded the
same elastic constants.

Bolt SLip Test

During the early design phase of this in-
ve stigation it was necessary to experimentally
check ‘the behavior of the proposed bolted
joint connection between the sides of the
model and the deck. A test jig was fabricated
which permitted the testing of bolted connec-
tion in a universal testing machine. Tests
made with this jig indicated the joint had
adequate strength and that it showed no in-
dication of slipping until loads well in excess
of design loads were applied.

which the model was fabricated. The elastic




